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Abstract 

We investigate a hierarchy of arithmetical structures obtained by transfinite addition of a canonic 
universal predicate, where the canonic universal predicate for A4 is defined as a minimum universal 
predicate for M in terms of definability. We determine the upper bound of the hierarchy and give a 
characterisation for the sets definable in the hierarchy. 
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1 Introduction 

In his fundamental works, Bernard Bolzano develops the idea that all natural languages are approximations 
of a single universal language; a language in which we can describe anything that exists or that could exist. 
The idea was not new at Bolzano's time and it still persists, at least as a call in the hearts of logicians. 
However, if there is a general conclusion which can be drawn from the results related to the Godel theorem 
then it is this: there is no universal language. For any language L, there exists at least one thing that cannot 
be fully described in the language: the semantics of L itself. In this paper, we shall be working with first- 
order languages interpreted over natural numbers, but we believe that some of the results are valid in general. 
Let be a first-order structure with a countable language interpreted over u. According to the well-known 
theorem of Tarski, the truth predicate for A4 (i.e., the set of Godel numbers of sentences true in M) is not 
definable in A4. It must be noted that this proposition does not merely assert that there is a set which 
cannot be defined in M, but it gives an example of such a set; and moreover, the set, as a description of the 
semantics of A^, is presupposed in the structure M itself. If we take a structure Mo and the truth predicate 
To for A4o then the structure A4i := Mq + Tg will be stronger then AAq. Moreover, it is an extension in a 
sense presupposed already in the structure M-q. Similarly we can define A^2 ■— M-i+Ti etc. and we can even 
imagine that we iterate the process transfinitely and obtain an infinite hierarchy of structures {Ma}. The 
structures in the hierarchy are natural extensions of A^o and it makes sense to ask what are the properties 
of such a hierarchy, which sets are definable at some stage of the sequence etc. The notion of the hierarchy, 
however, is a reminiscence of the idea of the universal language, and it must inevitably lead into difficulties. 
The first and main problem is that the notion 'truth for Af' is not determined uniquely. More generally, we 
want the structure A4a+i to be obtained as 'Ma + 'the description of the semantics of Ma '■ However, the 
notion 'the description of the semantics of Ma ' is not unambivalent, as there may exist infinitely many 
sets which may be said to describe the semantics of Al„. It is an obvious move to try to chose a particular, 
canonic, description of semantics of Ma and define the hierarchy in terms of adding the canonic description. 
Two alternative definitions of such a description will be given below under the headings canonic universal 
predicate and proper canonic universal predicate. Of course, we must then answer the question whether such 
a canonic choice is possible, i.e., we must determine whether a (proper) canonic universal predicate for a 
given M exists, and this problem will form the major part of the present paper. 

For rather technical reasons (explained on page [Tj) the truth predicate itself is not exactly suitable for 
the purpose of defining a hierarchy, and we shall thus define the hierarchy in a related but different way. 
Moreover, we shall investigate two kinds of hierarchies, one obtained using a proper universal predicate, and 
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the other using a universal predicate for A4 . Let 'D{M) C V{lo) denote the set of all (first-order) definable 
sets in M, theifl 

1. G C is a universal predicate for M iff 'D(M) C {G'(n, .); n G tj} 

2. P C is a proper universal predicate for A4 iff 'D(Ai) = {P{n, .); n G u)}. 

Evidently, a (proper) universal predicate for is not definable in Ai; but it must be observed that neither 
P nor G are unique for a given Ai. Moreover, P or G can be chosen in such a way that the structures A4 + P 
and M. + G can have an arbitrary strength. In order to avoid the problem we introduce a canonic (proper) 
universal predicate as a minimum (proper) universal predicate in the following sense 

Pq is a canonic (proper) universal predicate for Ai iff 
f . Po is a (proper) universal predicate for A4 and 

2. for every (proper) universal predicate P for A^, Pq is definable m Ai + P. 

The obvious question is whether the canonic universal or canonic proper universal predicates exist. The 
answer, which is partially given in this paper, is non-trivial: there are structures which have a canonic 
(proper) universal predicate and there are countable structures which do not. Further, the two concepts are 
not equivalent and there are structures which possess a canonic proper universal predicate but do not have 
a canonic universal predicate. 

For a given countable structure TV we shall define the Tarski hierarch^ over Af to be a sequence of 
structures {AIa}a<\(j^) such that 

f. Xo =A/', 

2. for every a < X{Af), Aia has a canonic universal predicate and A4a+i = Aia U {Pa}, 

3. = U/3<a ^r cvcry limit ordinal /? < X{Af), 

4. A(7V) is the maximum ordinal satisfying f)-3). 

An analogous hierarchy obtained by replacing the notion canonic universal predicate by that of canonic 
proper universal predicate and X(Af) by A^(7V) will be called proper Tarski hierarchy over Af. In essence, 
proper Tarski hierarchy can be viewed as a sequence of truth predicates. 

The key characteristic of the Tarski hierarchy is the ordinal \{Af). A priori, we know that A(7V) < Hi, 
as an uncountable structure cannot have a universal predicate. If A(7V) — Hi then every countable structure 
obtained by the process of adding a canonic universal predicate does possess a canonic proper universal 
predicate. If, on the other hand, we have A(7V) < Hi then the structure Ai\ does not have a canonic 
universal predicate. 

The basic properties of the proper Tarski hierarchy can be obtained from [1]. The authors define the 
hierarchy as a sequence of Turing degrees {Ha}a<^- On the isolated steps they take for Ha+i simply the 
Turing jump for Ha and the minimum-proper-universal-predicate question enters on the limit steps. But in 
essence, their definition is equivalent to the notion of Tarski hierarchy adopted here|f| In particular, using 
the techniques developed in their paper, it can be shown that for every countable TV the ordinal \p{N') is a 
countable limit ordinal. An alternative approach to proper Tarski hierarchy and a comparison of Tarski and 
proper Tarski hierarchy can be found in [3] . 

In this paper we shall be concerned mainly with the Tarski hierarchy. We shall prove the following main 
results 

-'If X C LJ^ and n G a;, we set X{n, .) := {m G u>; X{n, m)}. 

^We use the name of Tarski because he was the first one to state the undefinabiUty of truth. I am not aware that he would 
ever attempt to iterate the process of adding the truth predicate finitely or transfinitely. 

^ Let {Ha} be the sequence of Turing degrees in the sense of [1] and let {A^a} be a proper Tarski hierarchy over A. The 
interrelation between the hierarchies is based on the following fact: if Mfj=Hj, where = is understood in terms of Turing 
reducibility, then A4i3^i=Hj+u. Since every element in Ha is finite, there is no counterpart in {Ha} to Mp if /3 is a limit. 
But it is trivial to find some 7 such that Mfj4^i=Hj. 
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Theorem 1 Let {^Aa}a<\(^f) be a Tarski hierarchy over a L-finite structured. Then X{Af) is countable. 
Furthermore, X{Af) — Ord(J\f), the first undefinable (i.e., non-recursive) ordinal in J\f , and the structure 
M\(^j\f) is the minimal structure containing all sets implicitly definable in J\f. 

We shall note that the structure Mx(j\f) is at the same time the smallest structure containing all sets 
A}-definable in A/", ie. it coincides with the sets hyperarithmetical in J\f. 

Theorem 2 Let {Ma}a<x{j\f} be a Tarski hierarchy over a L-finite structure M and let {M^} a<\i' {^f) be 
a proper Tarski hierarchy over J\f . Then A'' (TV) > A(7V) and for every a < ^ Ma. Hence 

the .structure M\(^j^) does not have a canonic universal predicate but does have a canonic proper universal 
predicate. 

The part of Theorem [1] asserting that A(A/') > Ord{Af) is proved as Theorem [20l That the structure 
A4ord{^f) is the smallest structure containing all implicitly definable sets in Af is claimed in Theorem [21] 
and proved on page 1191 Finally, the fact that MordiAf) does not have a canonic universal predicate and 
hence A(A/') = Ord{M) is claimed in Theorem and we prove it on pageHH Theorem [2] is contained in 
Theorem [37] and Corollary 2 of Theorem [^D] 

We must emphasize that in the case of proper Tarski hierarchy the ordinal Ap(7V) is much larger than 
the first non-recursive ordinal in TV. Consequently, the proper Tarski hierarchy over M does not coincide 
with the sets hyperarithmetical in N . Though true, it is not therefore evident that the Tarski hierarchy does 
stop at the first non-recursive ordinal. 

2 General notions 

In this paper. We take a structure to be a set of predicates and function symbols where we assume predicates 
and function symbols to be inherently interpreted. In addition, we assume predicates and function symbols 
to be interpreted on the natural numbers m, i.e. the standard model of natural numbers. Finally, we shall 
deal only with structures of basic strength, i.e. those in which all the usual arithmetical operations are 
definable. 

Definition 1 1. Let n > 0. Then P = {A,n) is (n-ary) predicate iff A<Z cj"; n will be called the arity 
of P and A its extension . {A, n) will also be denoted by ^A. 

2. Let n > 0. Then F = {f,n) is (n-ary) function symbol iff f : —ycuisa total n-ary function from 
to uj; if n = we assume f d lo; n will be called the arity of F and n its extension . (/, n) will 
also be denoted by "/. 

Definition 2 1. The arithmetic, A, is the set of predicates and function symbols, {—,<, S, -\-, .}, inter- 
preted in the usual way over to. 

2. M is a structure iff M is a set of predicates and function symbols and A C 

V, T will denote the set of all predicate resp. function symbols. For a structure M., we set V{Ai) :— 
V f) A4 and ViJ-) := J- Ci A4. Pn, denotes the set of n-ary predicates resp. of function symbols. 
VniM), !Fn{M) is defined in a similar fashion. 

If F is a set of predicates and function symbols then M +Y denotes the structure M VJY . li Y = 
{Ai . . . As}, we shall write simply M. -\- Ai . . . Ag 

The first order variables{oi simply just variables) are the elements of the set {xi]i £ lo}. The elements 
of the set {X^;i, fc G are the second-order variables, k is the arity of the variable . For binary logical 
connectives we shall take A, V, =, =^ and is the unary connective. The symbols for quantifiers are 3 and V. 

Syntactical concepts, terms, formulae etc are defined in the usual way. Formula scheme is simply a 
second-order formula with no second-order quantifications; we shall never need formulae of higher order. A 
formula scheme tp will be written as 

ip = i:\Yi, . . . Yk\{yi, . . . yn) = "^i^l, • ■ • ifc] = V^yi, • • • Vn), 
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where Yi, . . . Ifc are the second and yi, . ■ . Un are the first-order variables occuring in ?/;. If Hi, . . . Hk are 
second-order variables or predicates of arities corresponding to Yi's, then . . . Hk] denotes the result 

of substituting Hi for Yi in ^p, i = 1, ... k. We may also write only jb[Ys / Hg]. In an obvious way, we define 
the ^[Ys/(f)] where (f> has n free variables and the arity of Yg is < ro; the extra variables in (p will serve as 
parameters. 

The class of all formulae with n free variables (resp. the class of formulae with n free variables of a 
structure M) will be denoted by Flcn (resp. Flen{M)) If ^ = ip[Yi, ■ ■ ■ Yk]{yi, . . . ym) where Yi is of arity 
Hi, i = 1, . . . k, then we write ip G Fle^-—'^''. or alternatively ip G Fle^'---^''[Jv[). 

Definition 3 Let ji G cj^'^, = {ki, . . . kg). 

1. we say that ijj G Fle^ iffipe Fle^^^-^' . 

2. we say that X G P{uj^) ijf X = Xi, . . . Xg and for every i = 1, . . . s, Xi fZ lo^^ . 

3. If X e P{uj^^) then f^X will denote the list of predicates ''^Xi,. . . ''"Xg. 

The definitions of a formula being true or satisfied by a sequence of natural numbers will be left to 
the reader. 

In the obvious manner we introduce partial function 

Val : Term x uj^'^ ^ lo 

such that if i = t{xi-^^ , . . .Xi^), ii < . . .ik, then Val{t, {ai, . . . Ok)) = a iS t(aT, . . . Ofe) = a is true. 0. 

Definition 4 Let Ai,J\f be structures. 

1. Let ijj ~ tp(xi-^, . . . Xi^) G Fle^ , ii < i2 < . ■ . in- Then 

Ext{ip) — {(«!, . . . a„) G w"; (ai, . . . a„) satisfies ijj} 

2. We say that X C u)'' is defined by e Fie'' iff X ^ Ext{tp). X is definable in M iff there is 
^ G Fle''{A4) which defines X. 

3. The set of all X Quj definable in A4 will be denoted by I){A4). 

4-. We say A4 Af iff T>{A4) — T>(Af). The classes of equivalence of the relation ^ will be called 
definability classes. 

5. LeiF : P(tj'=i-- '==) P(w''). Then F is de&nahle in M iff there is ^p € Fle';^^' - ''' {M) such that for ev- 
ery Xi,...Xs G P(w'=i'-'=') andX G there is F{xi, ... X^) = X iff X = Ext{iP[''^ Xi, . . . '''X^]). 

Since we assume that structures have at least the strength of arithmetic we can find a simple coding function 



which enables us to express quantification over finite sets and sequences of numbers. For a sequence Oi, . . . a„ 
the number [ai,...a„] will be called the code or the Gddel number of the sequence ai,...a„. For 
A = {ai, . . . a„}, [A\ will denote the code of the sequence 6i, . . . 6„ such that A = [bi, . . .hn} and 6i < 62 < 
. . . < bn. If 5* = si, . . . s„, where Si are sequences or finite sets of numbers then [5] :— [[si], . . . [s„]]. 

An important consequence is that inductively specified sets are definable, as we state in the following 
lemma. 

* Here, we must make sure that (f) is substitutable in -0, i.e. there is no confusion between variables in -0 and (f> 
^Note that formulae arc taken interpreted in themselves. Hence we do not say that i/i is true in a structure M, but simply 
that ip is true. 

®n denotes the n-th numeral 
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Lemma 3 Let k > 0. There exists S'' a 'Eo-definable function in A, S'^ : P{u!) x (P(tj^)'^) P{^) with 
the following property: Let C C lu. Let . . . Rk C be a list of binary relations. Then for every a £ cj 
a £ S'^{C, Ri, . . . Rk) iff a is the code of a sequence yo, . . .yn ^ co such that for every j < n either 

L yj G C, or 

2. there is 1 < I < k and ii,.. .ig < j such that Ri{[yi-^, . ..yi^],yj) 
Proof. Easy. QED 

3 Truth and universal predicates 

We have introduced notions which describe semantics and syntax of a structure. The notions are set- 
theoretical and hence they cannot be directly taken as predicates or functions which are assumed to range 
over natural numbers. In order to be able to define something like 'the jump operator' we must formulate 
concepts which describe properties of a structure by means of predicates defined on natural numbers. For 
this purpose we define (proper) universal predicate for A4 and the truth predicate for A4 under a coding c, 
TrM,c- 

For a relation R C uj^ and a G uj, R{a, .) will denote the set {x G uj; R{a, x)}. For relations of bigger arity 
similarly. 

Definition 5 Let M. be a structure. P,G'Zu!^. 

1. G is a universal set for M. iff for every X G T>{Ai) there exists n G lo such that X — G{n, .), i.e., iff 
T>{A4) C {G{n, .); n G uj}. ^G will be called a universal predicate for A4. 

2. P is a proper universal set for M. iff P is a universal set and for every n £ lu the set P{n, .) is 
definable in A4, i.e. iff T>(M) = {G{n, .);n G uj}. ^P will be called a proper universal predicate for 
M. 

3. Let G be a universal set for AA , let X (~ Lo . Then n £ lj will be called aG-codeofX iffX = G{n,.). If 
X C uj'^ , k > 1, then n is a G-code of X iffn is the G-code of the set {[ai, . . . a^]; ai, . . .Ok & X} C_ uj. 

We can view a universal set as a list of subsets of uj G(0, .), G(1, .), G(2, .) . . . such that every definable 
set in A4 occurs in this list. If G is a proper universal set then also every member of that list is definable in 
A4. Consequently, a proper universal predicate enables us to express quantifications over definable sets in 
A4, while the universal set enables us to express quantifications over a class containing all definable sets in 
M. 

Proposition 4 Let A4 be a .structure. Let G be a universal predicate for M.. Then 
L every set definable in M. is definable in A + G, 
2. G is not definable in M.. 

Proof . 1) is obvious. 2) is well-known. QED 

A (proper) universal predicate for Ad determines what are the definable sets in M.^ but does not show 
what is the internal structure of Ai, what predicates and functions are in Ai etc. On the other hand, the 
notion of truth predicate for Ai under a coding c which we introduce below is a complete description of Ai . 
Two structures which define the same sets, AAi ~ A^2, have the same (proper) universal predicates but in 
general will possess different truth predicates. This relation between truth predicate and proper universal 
predicate is expressed in the Proposition [SI 



5 



Definition 6 Let M he a structure. A one-to-one function c: M —t lo will be called a coding for Ad. 

Let c be a coding for M. Then c : MU { logical symbols ) ^ oj is the one-to-one Junction such that: 
i) if X ^ Pn{M) then c{x) — 2[c{x),n,0] ii) if x & Tn{M) then c{x) — 2[c(a;), 71, 1] Hi) if x — is a 
second-order variable then c{x) — 2[i,n,2] iv) c : A,\/ , =, V, 3, (, ) 1, 3, 5, 7, 9, 11, 13, 15 respectively 
and if X ~ Xi is a first- order variable then c : — > 2i + 17. 

Let be a structure, c a coding for A^. If si, . . . s„ are fogical symbols or elements of then 

[Sl, . . . Sn]c e ^ 

will denote the number [c(si), c(s2), . . . c(s„)] and it will be called the c-Godel number of , or simply the 
c-code of Sl, . . . Sn- 

Definition 7 Let A4 be a structure. Let c be a coding for M. 

1. Let X be a set of strings of symbols from A4 or logical symbols. Then Xc {[x]c]x G X} C lu. 

2. TrM,c ^ to is the set of c- Go del numbers of true sentences of A4. The predicate ^TrM,c, will be called 
the truth predicate for M under the coding c. 

3. Tr^ ^ C uj is the set of c-Godel numbers of true sentences of Ai which are in Hk or prenex form. 
The predicate ^Tr'l ^, will be called the /c-truth predicate for A4 under the coding c. 

4. VuIm.c ^ tLi'^ is the relation such that ValM,c{i^,b) iff a is a c-code of a closed term t and Val{t) = b. 

5. Dm,c ^ is the relation such that 

(a) for every X G M. Dm.c{c{X), .) C_ lu is the set of codes of n-tuples (ai, . . . a„) .such that (ai, . . . a„) G 
Ext{X) (where the arity of X is n if X d Vn, cind n — 1 if X ^ ^n-i)- 

(b) if X ^ Rng{c\M) then Dm,c{x, .) ^ {1}. 

The relation Dj^ ^ determines what are the predicates and functions of AA, what are their codes, arities 
and extensions. We may notice that in A+ ^i?A4,c we are able to define the truth on the atomic propositions 
in AA, while the predicate Tr^.c is not in general definable in A + ^-Dx^c, as we shall see. 

Proposition 5 Let AA be a structure, c be a coding for Ai. 

L The following are /S.i- definable in A + ^Rngic): Term[AA)c, Fle{AA)c, Flen{A4)c. 

2. Dm,c is Ai-definable in A + ^Trj^.c and Rng{c) is Ai-definable in A + -Dx,c 

3. ValM,c is Ai-definable in A+ ^Dm,c- 

4. Tr^ ^ is Ak+i-definable in A + ^Dm,c- 

Proof . 1), 3) and 4) are an easy application of Lemma [3l 2) is immediate. QED 

Proposition 6 Let AA be a structure and c a coding for AA. Then 

1. there exists a proper universal predicate for AA which is Ai-definable m A + ^TrM.c- 

2. Let G be a universal predicate for AA. Then Tr^ ,. is definable in AA + G + ^L)^ ,.- 

Proof. 1) The relation P: P(n,x) iff n = [V'Jc , V' 6 Flei{AA) and ij: is in or Hfe prenex form and 
[^/;(x)]c G Tr^ ^ is Ai-definable and it is a universal set for AA. 

2) The proof is an application of Lemma [3] and proceeds as follows. 

For a formula ?/; G Fle{AA.), a sequence oi, . . . aj, G will be called a formula derivation for ■0 iff i) is 
a c-code of a string tl^i, i = 1, . . .i, and = ['0]c and ii) for every i < k either -0^ is an atomic formula or 
there are ii,?2 < i and ipi — [ipi-^)A{ipi^), where A is a binary logical connective, ov ^ — A{ipi-^), where A 
is -1 or 3y, \/y. 
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A sequence ai, ei . . . a^, G oj will be called a truth derivation for tp iff i) ai, . . . a^: is a formula 
derivation for ip and ii) if = [ipi]c, i>i G Flcn then is a G-code of the set {[si, . . . si\;l > n, {si, . . . s„) G 
w^"^ satisfies V"}- 

The proof of Proposition [511) requires to show that every formula of Ai has a formula derivation and the 
set of codes of formula derivations is definable in A + ^i?ng(c). Here, it must be shown that every formula 
of Ai has a truth derivation and that the set of codes of truth derivations is definable in + G +^ Dm,c- 
Both parts are straightforward. Finally, a [4>]c G TrM,c iff [V-'lc G FZeo(A^)c and -if) has a truth derivation 
ai, ei . . . a/c, Cfe such that G{ek, .) ^ 0. QED 

Corollary Let M be a structure, c a coding for A4 . Then 

1. Every set definable in A4 is Ai-definable in A + ^Trj^.c- 

2. TrM.c 'is not definable in Ai. 

Proof. Follows from the previous Proposition and Proposition SI QED 

Definition 8 Let Ai be a structure. 

L Ai is L-finite i/f |A^| < oj, i.e. iff Ai is a finite set function symbols and predicates. 
2. Ai is essentially finite iff there exists a structure A4' which is finite and AA ^ Ai' . 

The following lemma expresses the key property of L-finite structures. 
Lemma 7 Let A4 be a L-finite structure. Then Dm,c is definable in Ai. 

Proof. Let r{Ai) = Pi,...Ps, J^iM) = Fi,...Fk. 

For Pi G Vn{Ai), i < s there is ipi a Ai-formula in Ai such that for very a G cj, a G Ext{ipi) iff a is a 
code of n-tuple ai, . . . a„ and (oi, . . . a„) G Ext{P). Analogically, if Fi G J-'niAi), i < k then there is tps+i a 
Ai-formula such that for every a G w, a G Ext{ips+i) iff a = [oi, . . . a„+i] and (ai, . . . a„, a„+i) G Ext{F). 

Let ti, . . .ts and is+i, ■ • • ts+k denote the numerals corresponding to c{Pi), . . . c{Ps) and c(Fi), . . . c{Fk). 
Then Dm.c{x, y) is defined in AA by the following formula 

{{x ^ti)A...{x^ t,+i) A J/ = T) V ((a; = ti A V . . . (x = t,+i A Vfc+i(y))) QED 

Corollary Let Ai be a L-finite structure, c a coding for Ai, k ^ uj. Then Tr^ ^ is Ak+i- definable in Ai. 
The sets Term{Ai)c, Fle{Ai)c, Flen{Ai)c are Ai-definable in Ai. 
Proof . Follows from the previous Lemma and Proposition [S] QED 

For a given structure, by different choices of coding c we can obtain different truth predicates, and the 
structure Ai + ^Trj^ c will have different expressive powers. Similarly for (proper) universal predicates; in 
particular, if is a structure and _B C w is any given set then we can find a (proper) universal predicate 
for A4 such that B is definable in At + ^G. We see that neither the universal nor the proper universal 
predicate can have the role of 'the jump operator' for A4, for such an operation would not be unique. It is 
then an expectable move to try to choose a particular (proper) universal predicate which would be in some 
sense the weakest. This is achived using the concepts of canonic universal predicate and canonic proper 
universal predicate which have been defined on page [Sf^ 

Lemma 8 Let A4 be a structure. 

''' Note that we do not introduce the symmetric concept of canonic truth predicate. The reason is that if we defined the 
Tarski hieararchy (see page |2]| using the canonic truth predicate then the Theorem 1101 is false, ie. there would exist many 
incomparable hierarchies over Af. In particular, for any B Q ui we could find a Tarski hierarchy {Ma}iy^)^(^j^-) (defined in terms 
of canonic truth predicate) such that cu <C. A(A/') and B is definable in yVtoj- 



7 



1. Assume that there is a coding cq for M such that for every (proper) universal predicate P the set Dm.cq 
is definable in A4 + P. Then M. has a canonic (proper) universal predicate and if Pq is a canonic 
(proper) universal predicate then A + Pq A + ^TrM.ca- 

2. Let A4' be a structure such that Ai ^ M' . Then A4 has a canonic (proper) universal predicate iff A4' 
has a canonic (proper) universal predicate. If P and P' are canonic (proper) universal predicates for 
M. and M' respectively then A + P A + P'. 

Proof. 1) follows from Proposition [6] 2) follows from the fact that and M' have the same (proper) 
universal predicates. QED 

Proposition 9 Let M. be an essentially L-finite structure. Then M. has both a canonic and a canonic 
proper universal predicate. If Pq is a canonic (proper) universal predicate and J\f is a L-finite structure such 
that Ai ^ M and c a coding for N then A + Pq ~ A + ^Trj^f^c- 

Proof . By Lemma[8]it is sufficient to show that -D^/.c is definable in Ai. But that is claimed in Lemma[7l 
QED 

Recall the definitions of Tarski and proper Tarski hierarchy given on page [H Since for a given structure 
there in general exist infinitely many canonic (proper) universal predicates, neither the Tarski hierarchy nor 
the proper Tarski hierarchy are defined uniquely. The following Theorem shows that the hierarchies are 
unique at least up to the equivalence ~. 

Theorem 10 Let M be a L-finite structure. Let {M.o}ae(,i j {-^'alaeCi &e ^w;o Tarski hierarchies over 
TV. Then — £,2 > and for every a € £,i there is Ada ~ TW^. The same is true for two proper tarski 
hierarchies. 

Proof. Since TVq = Aio ~ Af are finite then TVo, A^o have canonic proper universal predicates (Corollary 
of Proposition [9]) and therefore > 0. The rest follows from Lemma[8l2). QED. 

Definition 9 Let J\f be a L-finite structure, {Ado(\a<£, be a Tarski hierarchy. Then A(7V) :— ^. If {A4'^}a<£^ 
is a proper Tarski hierarchy then A(A/')^ ^. 

A priori, we see that A(7V) and Xp{N') can at most be equal to Hi, the first uncountable ordinal. For then 
the structure A4n^ is uncountable and there exist no truth or proper universal predicate for A4n-^ and we 
cannot hope to extend the hierarchies above Hi. The crucial question concerning the Tarski hierarchy and 
proper Tarski hierarchy is this: is A(A/') countable? If it is then the structure Ali^^ is a countable structure 
which does not have a canonic proper universal predicate and the proper Tarski hierarchy cannot be extended 
above A(A/'). If A(7V) = Hi then we may say that the Tarski hierarchy does not have an upper bound. 

Theorem 11 Let J\f be a L-finite structure. Let {A4a}a<\(j^} be a Tarski hierarchy over J\f . Let a < A(A/'). 
Then Aia+i is essentially finite. Hence a + 1 < A(7V) and X(N) is a limit ordinal. The same is true for the 
proper Tarski hierarchy. 

Proof . Aia+i = Aia + P, where P is a universal predicate. But Aia + P ^-d A + P, from Proposition [4l 
1). Hence Aia+i is essentially finite, it has a canonic universal predicate and a + 1 < A(A/') QED 

4 Ordinals and the first part of Theorem [1] 

In this section we will prove that for a (proper) Tarski hierarchy over TV there is Ord{M) < A(A/') (resp. 
Ord{M) < AP(A/')). 

Definition 10 Let M. be a structure. Let X, ij. G u'^'^ . 
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1. AC P[lu^) is a system defined by V' £ F^-^f) iff 

{Ae P{lj^)]A satisfies ^} 

A will he called a definable system in A4 iff it is defined by some ip G ^^^ni^) 

2. Let A e P{lo^). Then iJj e Fle^^ is a proper implicit definition of A iffijj defines the system {A}. 

3. B P{llj^) is implicitly definable in A4 iff there exist A G P(uj^), A has a proper implicit definition 
in A4 and B is definable in the structure Ai + '^A. 

4. Let F : P{uj'^) P{uj^^), fi = fii, . . .^„. We will say that F is defined by tpi, . . .ipn , ipi & F^^fn? ^ff 
for every X = Xi,...X.,e P{uj^), F{X) = (Yi, . . .r„), we have Y, = Ext{^^{ ^X)),i= l,...n. That 
F is definable in Ai we introduce in the obvious way. 

5. Let F : P{uj^) — > Piuj^^). We will say that ip £ Fle^'^ is a proper implicit definition of F iff for every 
X G P{lj^) there is a unique Y G P{uj^^) such that ^X, ^F] is true and for such Y, F{X) — Y. 

6. Let F : P{u)^) P{ijj^). We will say that F is implicitly definable in M. iff there are functions 
Fi,F2, Fi : P{uo^) P{oj''), F2 : P{uj^) PiLoi") such that F{X) = F2(Fi(X)), X € and Fi has 
a proper implicit definition in Ad and F2 is definable in A4 . 

We may observe that 

1. If i? G P{u!^), F : P{u!^) — > P{u!'^) are definable in A4 then they have a proper implicit definition in 
Ai. If they have a proper implicit definition in A4 then they are implicitly definable in A4. 

2. Let Fi : P(cj^) ^ F2 : Piuj"") F(w^) and F{X) = F2iFi{X)), X G cj^. Then 

(a) if Fi, F2 are definable resp. implicitly definable in Ai then F is definable resp. implicitly definable 
in A4. 

(b) if Fi is definable in A4 and F2 has a proper implicit definition in Ai then F has a proper implicit 
definition in A4 

3. if B G P{uj^) and F : P(uj^) -> P(uJ^') are definable resp. implicitly definable in Ad then F{B) is 
definable resp. implicitly definable in Ai. 

The following statement will not be used in this work but it gives an important characterisation of 
implicitly definable sets. We therefore do not enter the proof. 

Proposition. Let Ai be a structure. Then B G P{lo^) is implicitly definable in AI iff it is A} in Ai (i.e. 
iff B is hyperarithmetical in Ai). Proof. The implication >' is obvious. The other follows from Lemma 
IMl QED 

Lemma 12 Let Ad he a structure, A, /i G cj^'^. 

1. Let B G P{u!^) be implicitly definable in Ad. Then there exists A C uj, A has a proper implicit definition 
in Ad and B is definable in Ai + ^A 

2. Let B G P{lo^) be implicitly definable in Ai , C £ P{u!'^) implicitly definable in A4 + B. Then C is 
implicitly definable in Ad . 

Proof . Straightforward. QED 

Definition 11 Let Ad and N be structures. Then 

1. Ad is implicitly closed iff every set which is implicitly definable in Ai is definable in Ad. 

2. T{Ai) is the structure Ai + { ^X;X Cuj^X implicitly definable in Ai}. 
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Corollary of Lemma 1121 Let M be a structure. Let M := I{AA). Then i) M is implicitly closed, ii) 
V{M) C V{N) and Hi) for every M' if N' satisfies i) and ii) then V{J\f) C V{J\f'). 

Proof. Let A4 be given. By Lemma [T^ 2) if a set is implicitly definable in T{M.) then it is implicitly 
definable in M. Hence I(A^) is implicitly closed. The rest is immediate. QED 

Proposition 13 There is a function TR : P{uj'^) — > P{i^) which has a proper implicit definition in A such 
that for every structure M and a coding c for M we have 

TR{Dm,c) = TrM,c 

Proof . First, observe that Proposition OS) can be strengthened to assert that there exists a function 
VAL : P{uj'^) P{^'^) definable in A such that for every structure Ai and a coding c for A^, 

VALIDm.c) = ValM.c 

Let Ai he a, structure and c its coding. Then X — TrM,c iff X C Fleo{A4)c and for every x = [tp]c S 
Fleo{M)c the following conditions are satisfied 

1. li tp = Pini, ■ ■ - nl) is atomic and nl is the rt;-th mmicral then a; G X iff Dm,c(s{P), [ni, . . . ui]) 

2. lii/j — P{ti, ... ii) is a closed atomic formula, where ti, . . .ti are terms, then x £ X iS [P{ValM,c{ti), ■ ■ ■ ValM.c{ti)]c £ 
X. 

3. If V) = -1^ then x e X iS not [^]c e X. If ip = £,i A £_2 then x e X iS [£_i]c £ X and [£_2]c e X and so on 
for the other logical connectives. 

4. if i/j — 3yri then x E X iS there exists a G w such that [r]{y/a)]c EX. li ip — Myrj then x G X iff for 
every a G w, [ri[y/a)]c G X. 

Let S G i^Ze^'^(A) be a formula scheme obtained as a natural translation of the above conditions and by 
replacing every occurence of ^Dm,c (including the one in Valj^.c = VAL{Dm,c)) by a second-order variable 
Y . Then we can see that 5' is a proper implicit definition of a function TR with the desired property. QED 

Corollary 1. Let A4 be a L-finite structure, c a coding for M.. Then the truth predicate TrM,c has a 
proper implicit definition in Ad. 

Proof. It must be shown that Dm,c is definable in M. \i AA is finite. But that has been claimed in 
Lemma [71 QED 

Corollary 2. Let Ai he an essentially L-finite structure. Then there is a proper universal predicate for Ai 
which is implicitly definable in Ai. Hence, Ai is not implicitly closed. 

Proof . Apply PropositionlHlon L-finite structure TV such that N ^ AAio show that a universal predicate for 
AA is implicitly definable in AA. That a universal predicate is not definable in Ai is claimed in PropositionlHl 
QED 

We shall see that one of the important characteristics of a structure is how many ordinals are definable 
in the structure. We shall say that i? is a linear ordering on X iff i? is reflexive, transitive, and weakly 
antisymmetric on X and for every x,y E X, R{x,y) or R{y,x). R is a linear ordering iff i? is a linear 
ordering on Rng{R). Thus we take a linear ordering to be non-strict. In order to avoid confusion, we shall 
also write instead of R. x -<r y is then defined as x :<fi y and x ^ y. Note that for a linear ordering 
we have Rng{R) = Dom{R). If X C Rng{R) then we define R\X := Rn X^. If n G Rng{R) then i?„ will 
denote the relation such that 

Rn{x,y) iff R{x,y) and R{y,n) 
Definition 12 Let p '^uP' he a linear ordering, let a be a countable ordinal. 
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1. Then p is a, representation of ordinal a iff -<p is a well-ordering of the order-type a. 

2. Let (3 < a. Then will he defined by induction as follows: let pQ := a, a the p-smallest member of 
Rng{R). If (3 > Q, let pp be the p-smallest member of the set Rng{p) \ {p-y]"/ < /?}. 

3. Let (3 < a. Then p\(3 is the representation of (3 such that p\(3 = p[{p7;7 < 

Thus p\(3 IS a. representation of (3. pp is the p-smallest element majorising Rng{p\(3) if some such pp 
exists (\i (3 — a then p\a = p while pa is not defined). 

Deflnition 13 Let A4 be a structure, 

1. Let a be a countable ordinal. Then a is (implicitly) definable in M. iff there is p a representation of 
a which is (implicitly) definable in M.. 

2. The smallest undefinable ordinal in M. will be denoted by Ord{M). 
We can see the following: 

1. every a > Ord{M) is undefinable in M.. I.e., the set of definable ordinals in M. is an interval. 

2. 0, 1, . . .a; are definable in Jv[. 

3. If a, (3 are definable in AA then a + (3 and a. [3 are definable in M.. Hence Ord{M.) is a limit ordinal. 

Now we shall define two important concepts: the concept of iterated truth predicate over a well-ordering, 
TrM,c,p, and the notion of iteration of a general operation over a well-ordering. 

Definition 14 Let n > 0, F : P(a;"+^) — > P(a;"), let B C . Let p be a representation of an ordinal a. 
Let Z C 0;"+^. For /3 < a we define 

Z</3 := {(ao, . . . a„) G Z(ao, . . . a„) and ao -<p pp} 

We will say that Z = REKn{B,F,p) iff Z satisfies the following conditions 
L Ify^ Rng{p) then Z{y, .) = <D.Ifp^ 0, let Z{po, .) = B 
2. IfO< f3 <a then Z{p0, .) = F(Z</3) 

We note that 

1. Z = REK(B, F, p) as defined above exists and is unique, 

2. the definition of REKn{B, F, p) can be rewritten as a formula scheme, as we state in the following 
proposition. 

Proposition 14 Let F : P{uj"~^^) P(a;") have a proper implicit definition in a structure A4. Then there 
exists a function REKp : P(a;"'^) P(a;"+^) which has a proper implicit definition in M. with the following 
property: for every B C A''" and p a representation of an ordinal 

REKf{B, p) = REKn{B, F, p) 

Corollary Let M he a structure, let p,B C uj'^,F : P(w") ->■ P(a;") let Z := REKn{B,F,p). Then if 
B,F,p have a (proper) implicit definition in M. then Z has a (proper) implicit definition in M. 
Proof . Straightforward. QED 

Later, we shall see that every set which is implicitly definable in A4 is also definable in terms of some 

REKn{B, F, p), where all B, F, p are definable in M. 

Definition 15 Let R be a linear ordering. Let M. be a structure, and c a coding for A4. 
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1. We will say that R and c are compatible iff Dom{c) Cl Rng{R) = 

2. For J7 C o;^ we shall write that U G Tr{Ai, c, R) iff the following is satisfied: 

(a) If X ^ Rng{R) then U{x,.) — 0. If there is Rq the R-first element of Rng{R), then U{Ro,.) = 
TrM,c 

(h) If Rq <r n then U{n, .) = TrM^„.Cn, where A^<„ is the structure Ai + { ^U{m, .);m n} and 
Cn is the coding induced on A^<n (by U and c). 

3. If R is a well-ordering then TrM.c.p is the set such that Tr(M,c, R) — {TrM,c,B}- 

Clearly, if p is a well-ordering compatible with c then Tr^^c,p can be defined as an iteration of adding a 
truth predicate along the well-ordering p. In this case we have Tr{A4, c, p) — {Trj^cp}- We will see in the 
last section that Tr(A^, c, p) is non-empty even for linear orderings which are not well-orderings; in that case 
U will not in general be unique. Here, we shall deal with Tr(A4, c, p) only in the case p is a well-ordering. 
The main results about TrM,c,p presented below are that i) it is strong enough to define all sets of the form 
REK{B, F, p), for B, F being definable and ii) we can characterise the Tarski hierarchy by sets of the form 
TrM.c,p with p definable in M.. 

Proposition 15 1. There is TR* : P{uj^) — > -P(w) which has a proper implicit definition in A with the 
following property: let A4 be a structure, p a representation of an ordinal a and c a coding for M 
compatible with p. Then TrM,c,p — REKn{TrM.c,TR* , p) . 

2. Moreover, there exists a function TRO : P(a;^'^) — > P{(^'^) with a proper implicit definition in A with 
the following property: let M be a structure and c a coding for A4. Let p be a representation of an 
ordinal such that p and c are compatible. Then 

TRO{Dm,c,p) = TrM,c,p 
Proof. For 1), use Proposition [T3l and 2) immediately follows. QED 

Corollary Let M be a structure, Let c be a coding for Ai compatible with p, p being a representation of an 
ordinal. Then TrM.c.p has a proper implicit definition in A + ^Dm,c + ^ P- 

Lemma 16 Let M be a .structure, c a coding for A4. Let p be a representation of an ordinal a, p and c 
compatible. Then 

L for every (3 < a we have 

A + '^TrM,c,p\i^i3+i) ~ A -1-^ TrM,c,p{pp, •) 
2. p\l3 is definable in A + '^Tr^^cplfS- 
3- If 13 < a let us define 

M<0 := A + { ^TrM.c.pip-,, ■); 7 < /?} 

Let c/3 be the coding for M<p induced on Assume that (3 is a limit ordinal. Then there is a 

universal predicate for M<^13 definable in A '^TrM.c.p\i3- 

Proof. 1) and 2) are straightforward. In 3) notice that every set definable in A1</3 is Ai-definable in 
A -+ "^TrMi.c.plp a-iid that 1-truth predicate Tr\j^^ is definable in A + ^Tr^ c.p[/3- QED 

Lemma 17 Let Ai be a structure, let P be a universal predicate for M.. Let B C iV". Let F : P(w"+^) 
P{uj"') have a proper implicit definition in M + P. Assume that P is a limit ordinal and that p is a represen- 
tation of a > f3 such that p\(3 is definable in M. -\- P . Assume that for every j < (3, REKn{B, F, pf(7 -I- 1)) 
is definable in M. Then REKn{B,F, p\(3) is definable in A4 + P. 
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Proof. Let 6* be a proper implicit definition of in + P. Let 77 be a definition oi p\/3 in M + P. 
Let Re be a formula scheme in + P which is a proper implicit definition of the function REKp (see 
Proposition I14p . Let rj'{x,y,z) be the formula ri{x,y) A r](y,z). Then for every a — p-y^J < we have 
Ext{r/'{x,y,a)) = p[(7+ 1), and if a ^ Op^p then Extirj' {x,y,a)) = 0. Since REKn{B , F, p\^){po, .) = B 
then B is definable in AA. Let ^ be a definition of B in A^. Let S be the scheme 

^[X"+i](z) ■.^REKg[X''+\^,T^'] 

Then for every a = Z C tj"+i satisfies S{a) iff Z = REKn[B, F, p\{-f + 1)], and if a ^ Op^p then 5(a) 
is satisfied by only. In A4 we can define the relation Q C iV^ such that Q (a, 6) iff 6 is a P-code of a set 
Z C oj" which satisfies S{a). Because we assumed that REKn{B, F, p\{'-f + 1)), 7 < /3 is definable in A4 and 
P is a universal predicate for then 

i) for every a = p^+i, 7 < /3, Q{a, .) ^ and furthermore 

ii) if TO e Q{a, .) and a = P7,7 < /3 then to is a P-code of REKn{B, F, p-y), and if a ^ '-^pT^ then 
P(m,.) = 0. 

Hence the following are equivalent 

a) {ku...kn+i) e REKniB,F,p\(3) 

b) there exist a,b G N Q{a, b) and [fci, . . . fc„+i] G P(6, .) 

But this equivalence can be written as a definition of REKn{B, F, p\(3) 'm A4 + P QED 

Proposition 18 Let Ai be a structure. Let F : P(ci;"+^) P(ijJ^) and B C cj" be definable in Ai. Let 
Z = REKn{B, F, p), where p is a representation of a. Let c be a coding for Ai compatible with p. Then Z 
is definable in A4 + TrM,c,p- 

Proof. Let us prove by induction that for every (3 < a, Zp :— REKn{B, F, p\ /3) is definable in A4f3 := 

A+ '^TrM,c,p[i3- 

Assume that a > 0, otherwise the proposition is trivial. 
We have = and Zi = {po} x B which are definable in A and resp. in V{M) C I?(A + ^Trjvi.c) ~ 
(A+ ^TrM.c..p\i)- 

Assume the statement holds for every 7 < /?. 

Assume that /? is isolated. Then Zp^i is definable in Mp-i- We have 

Z/3 = Z^_lU{p;3_l}xP(Z^_l) 

But F is definable in Ai and therefore P(Z^_i) and hence Zp are definable already in I?(A^^_i) C I?(A4^). 

Assume that /? is a limit. By the assumption, every Z^, 7 < /? is definable in TV' := A + { '^TrM c,p\^] 7 < 
/3}. By Lemma [TOl 2) we have TV' A + { ^TrM^c,p\i3{P'y^ ■); 7 < P} ^^^^ hence every Z^, 7 < /3, is definable 
in TV4<^. We shall apply Lemma [T7l Let us check that the assumptions of the lemma are satisfied. By 
Lemma [T6ll) p\f5 is definable in Aip. By Lemma[T6l3) a universal predicate for AA<^p is definable in Aip. 
Hence, by Lemma flTl Zp is definable iri Aip. QED 

Lemma 19 Let J\f be a L-finite structure and c a coding for TV. Let p he a representation of ordinal a 
compatible with c. Let j3 < a and let AA.<^p, cp be as defined in Lemma\T^3). Let P be a universal predicate 
for M^p such that p\f3 is definable in M^p + P. Then TrM^^ is definable in Ai<,p + P. 

Proof . Let us first show that Tr^^ c,p[/3 is definable in A + P. 

Assume that (5 is isolated. Then ^Tr_^^c,p{p0-i, •) G ■M<cp and hence it is definable in A + P. But from 
Lemma [TBI 1) we have A + ^Trj^c,pipp-i, .) ~ A + '^Trj^4,,,p\0 and TrM,c,p{Pi3, ■) is definable in A + P. 

Assume that (3 is limit. We shall use Lemma [17] (note that Proposition [T5| asserts that Trj^^cp = 
REK{TrM,c,TR* , p) where TR* has a proper implicit definition). From Lemma [TBI we have 

A4<p - TW + { 2Trj_^,pr(^+i);7 < /?} 
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and hence every Tr_x4 c.p\(-y+i)i 7 < /3j is definable in A^<^. Furthermore, since P is a universal predicate 
for M<i3, then by Lemma [T7l TrM^c,p[i3 is definable in M. 

It is trivial to show that the set DM^f,,cp is definable in A + "^Trj^ ^^ p^p and hence it is definable in 
A + P. Therefore, by Proposition [SI TrM^p,cf, is definable in A + P. QED 

Theorem 20 Let J\f he a L-finite structure. Let {^Aa}a<\{N') be a Tarski hierarchy over J\f. Let P be a 
definable ordinal in Af. 

L Then [3 < A(7V) 

2. Furthermore, let c be a coding for J\f. Let p be a representation of the ordinal P + I compatible with c 
definable in M . Let Pp be a canonic universal predicate for M p . Then A + P^ ~ A+ ^TrM,c,p{Pi3T)- 

The same is true for the proper universal predicate and proper Tarski hierarchy. 

Proof . We shall say that c is an ultracanonic coding for a structure A4 iff TrM.c is definable in every 
A4 + P, where P is a universal predicate for A4. From Lemma[8]and Proposition [6] we obtain the following: 

Let Ml ^ M2. Assume that A/i has an ultracanonic coding a. Then Af2 has a canonic universal predicate 
and if P is a canonic universal predicate for N2 then A + Trj^^^cx A + P. 

Assume that P,p,M,c are as in the statement 2). By transfinite induction we shall prove the proposition: 
For every a < (3 it is the case that a < X{J\f). Moreover, if Pa denotes the canonic universal predicate for 
Ma then A + Pa ^ A Trp,M.c{Pa, ■) 

First, let a = 0. Then a < A(J). From the definition of TrM.c.p we obtain Tr^,c.pipoi ■) = TrM,c- 
Furthermore, since M is finite then any coding for M is ultracanonic (Proposition [9]). Hence A + ^Tr^.c ~ 
A + Po and so A + ^Tr^f,c,p{pQ, .) A + Pq. 

Let < a < (3 and assume that the proposition is true for every 7 < a. Let M-' be the structure 
Ma — M + {P-y',"/ < a}. By the assumption M' ^ M + { ^Trp^M.AP-y^ OjT < o;}- Let M^a denote the 
structure on the right hand side and let Cq be the coding induced on M<:a. By the previous Lemma, Ca 
is an ultracanonic coding for Ma and hence Ma has a canonic universal predicate and if Pa is a canonic 
universal predicate for Ma then A + Trj^^^^c^ A + P^. But from the definition of Tr_M^c,p we have 
TvM^^.c^ = Trj^^cpiPa, ■); hence A + Pq ~ A + ^Trj^^^pipa, ■)• 

For the proper Tarski hierarchy the proof is exactly the same. QED 

Corollary 1 Let {Ma}a<x{j) be a Tarski hierarchy over M . Let [3 be isolated, let c be a coding for M. Let 
p be a definable representation of the ordinal (3 in Af compatible with c. Then 

Mf3'^A+ ^TrM^c,p{pi3~i,.) ^ A + '^Tr^^cpip 

Proof. Follows from the previous Theorem and Lemma [TBI QED 

Corollary 2 Let {A^a}a<A(AA) be a Tarski hierarchy over M and let 
{M^}a<\v{j\f) be a proper Tarski hierarchy over Af . Then for every (3 < Ord{N), we have (3 < \{J\f)r]XP{J\f) 
and M/3 ^ M^p. 
Proof . Immediate. QED 

5 Trees and the second half of Theorem [1] 

We now proceed to prove the rest of Theorem[Tl i.e., to show that X{Af) — Ord(N) and that Mx{j\r) — ^i-^)- 
We shall first prove the theorem (see page [TO]) 

Theorem 21 LetM be a L-finite structure, let {Ma}a<\{N') be a Tarski hierarchy over M . Then Mord{N') 
liAf). 

Second, we will prove (see page [21]) 
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Theorem 22 Let M he a L-finite structure. Then I{J\f) does not have a canonic universal predicate. 

For those purposes, we shall use some properties of trees and linear orderings. Trees are a standard tool 
for proving uniformization results (see for example [4]). Results concerning the definability of well-orderings 
can be found in [2]. 

Definition 16 1- t <Z uj'^ is a tree iff i) for every x G Rnglr) the set Pred{x) :— {y £ uj]T{y,x)} is finite 
and T\Pred{x) is a linear ordering and ii) there is Qr ^ ^ such that for every x £ Rng{T), T{Or,x). 

2. T will also be written as <t. x -<t y is defined in the obvious way, and so is inf(X) for X C Rng{T). 
X y iff X ^ y and there is no z x z, z -<r y. 

SucCt{x) :— {y; x y} x E Tr. 

Tx is a tree such that := t\SucCt{x) 

3. B <Z Tr is a chain in r iff for every x,y£Bx<yory<x. A branch in t is a maximum chain in 

T. 

Definition 17 Let t be a tree. On Rng{T) we define a binary relation KBr in the following way: 

x,y £ Lo then KBr{x,y) iffy r^r x or there are u,v £ Rng{T) inf{x,y) u,v, u <r v <t y and 
u < V. We shall refer to KBr o,s the Kleene-Brouwer ordering. 

The following two Propositions give us the basic properties of KBr that we shall need. 

Proposition 23 Let t be a tree. Then 

1. KBr is a linear ordering on Rng{T). 

2. for every x £ Rngir), KB{tx) — KBr\SucCr{x) and SucCr{x) is an interval in KBr. 

3. T has no infinite branch iff KBr is o, well- ordering. 

4. if A — ao,ai,... is an infinite decreasing sequence in KBr then the set £ uj}, where &„ ;= 
hinf{an, a„+i, a„+2 • • is an infinite chain in t. 

Definition 18 Let R be a linear ordering. wo{R) C Dom{R) is the set such that wo{R) is a maximum 
lower segment in R such that -<r [wo{R) is a well-ordering. wo{R) will be called the well-ordered part of 
R. The order-type of \wo{R) shall be denoted by ord{R). 

It is evident that wo{R) is defined uniquely; the existence follows from the axiom of choice. 

Proposition 24 Let M be a .structure, let t be a tree definable in Ai. Then 

1. KBr is definable Ai. In addition, if t is Ai in A4 and for every x,y, x -<r U implies x < y then KBr 
is definable in Ai. 

2. If there is a nonempty X C Dom{K Br) definable in Ai which does not have a KBr-first member then 
there is an infinite branch of r definable in A4 . 

3. As.sume that r has an infinite branch. Then if wo{KBr) is definable in A4 then an infinite branch of 
T is definable in Ai. 

Proof. 1) is obtained be translating the definition of KBr to the structure Ai. 2) and 3) follow from 
Proposition [231 QED 

We shall now proceed to assign trees to formula schemes. In the following definition, y will designate a 
list of variables j/i, . . . y„. Vy will is an abbreviation for Vj/i, . . . Vy„, and similarly in the case of 3y. 

Definition 19 Let ip be a closed formula scheme in a prenex form. 
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1. For i^l,...n letyi^ y\, ...y\ 




where ipQ is an open formula. Let k :— XlILi Then the Skolem formula for ip, ipg will be the formula 



where H^, . . . are second order variables not occuring in of the appropriate arity. 

2. Let = i^lXi, . . .Xk] G Fle^, X G a;<". If V's is as above, we shall write ips = ^s[H^, ■ ■ ■H'^]s = 

= ilJs[Xi, . . . . . . H''],, where H = {H^, . . . H^). If = rii, . . . and the arity of W is 

then we shall say that G Fle^''^. 

3. Let ?A be a formula in a prenex form, ips — 4's[H^ , ■ ■ ■ H^]si where the arity of iJ* is n,; + 1. Functions 
gi : uj"^ :— > lu, i — 1, . . . k, will be called the Skolem functions for ip iS ips[ "^^^gi, ■ . ■ "''^^gk] is true. 

In the third item of the definition we identify n-ary function g : — » u with the set of (n + l)-tuples 
and hence we can use a function in the place of a predicate. Note that n-ary function / can stand in a place 
of a function symbol as "/, while in a place of a predicate as "^^/. The following is then obvious: 

Let Ip = '0(yi: ■ ■ • Vn, z) he a formula scheme. Let f : tj" lo. Then the scheme ip{yi, ■ ■ ■ Um "/(2/i: ■ ■ • Vn)) 
is equivalent to the scheme Vz "'^^fiyi, ■ ■ ■ Un, z) ^/'(yi, . . . Um z). 

We may conclude that if ips = {H^{yi, zi) A . . . H''{yk, Zk)) ^ tpo then the functions gi, . . .gk are Skolem 
functions for tp iff the formula Vyi . . ■Vyk'ipoi.zi/ "^ffi(yi), . . . Zk/ "'°fffc(yfe)) is true. This implies the following 
lemma: 

Lemma 25 Let A4 be a structure. Let A, /i G uj'^'^ , let ip G Fle^ be a formula scheme in M in a prenex 
form. Let B G P{uj^). Let ips G Fle^'^' . Then 

1. B satisfies ip iff there are functions gi, . . .gi which are the Skolem functions for tps[ ^B]. 

2. Assume that B is definable in M and gi,. ..gi are Skolem functions for ips[ ^B]. Let hi :— gi\n, i — 
1, . . .1. Then there are Skolem functions wi, . . .wi for ips[B] such that hi C Wi,i = I, . . .1 and wi, . . .wi 
are definable in A4 . 

Definition 20 Let A, /i G uj^'^ , A = (ai, . . . as), /i = (&i + 1, . . . 6f + 1} . Let ip G Fle^ be a formula scheme 
in a prenex form. Let ips — ips{yi, ■ ■ - Vi) G Fle^''^'^. Then a is a satisfaction system of degree n for ip iff 



2. Let Ca '■— max{n,max(i?n(7((7i)) + l;i = 1 . . .<}. Let F be the set of functions occuring in ip. Let 
rUa '.— max {n, mayiRng{f\eo,)] i — 1 . . .t, f E F}. Then Bi C m°', i — 1 . . . s 

3. The formula i/js[ '^B][ '^g]{yi, ■ ■ - Vi) is satisfied by every oi, ... a; such that ai, . . . a; < e^. 

The intuition behind the definition is simple. Assume, for clarity, that ips contains no function symbols 
and that ips — ip = ip[Ai, . . . An] (i.e. ip is an open formula scheme containing no function symbols). Then 
a satisfaction system of degree n is a sequence of Bi C {0, 1, ... n — 1}'^' , i = 1, . . . s, such that the formula 
ips\ ^^Bi, . . . ^"Bs] is true when we let the variables range over 0, 1, ... n — 1 only. The sets Bi can be viewed 
as predicates defined on {0, 1 . . .rt — !}''', and we demand they satisfy the formula on the domain of their 
definition. In general ips = ips[Ai, . . . Anjlgi, - ■ . gi] and we assume that the functions gi, . . . gi are defined 
on {0, 1, ... n — 1}. However, we must make sure that the predicates Bi, . . . Bs arc defined on the ranges of 
those functions and the other functions occuring in ips restricted on {0, 1, . . .n — 1}. Point 2) reflects the 
fact that for a Skolem function / and g G J^{L) the term g{f) may occur in ips but the term f{g) cannot. 

^Recall that n = {0, 1 ... n — 1}, n G a;. 



{H\xi,y\) A... H\^,,y\J A... i?'^-'" (x„, 2/"i) A . . . H" 



a — 



■ ■Bs,gi. ■ .gt) 



and the following conditions are satisfiei 
1. gi : n''' —^uo^i = \...t 
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Definition 21 Let Tp G Fie be a formula scheme in a prenex form. 

1. Let a = {Bi . . . Bs, gi ■ ■ ■ gt) be a satisfaction system for ip of degree n and let a' = (B'l . . . B'^, g'l . . . g'^) 
be a satisfaction system for tp of degree m. Then we let 

iff m < n and i) for every i — 1, . . .t if gi is a k-ary function then gi = g'^ [n'^ ii) for every i = 1, . . . s 
if Bi C u'' then B, = B[ n e^. 

2. The characteristic tree of "0 is the t <Z oj"^ such that for every a,b G lo, T{a,b) iff there are a, (3 
satisfaction systems ofip, a — [a], b — [(3^ and a < (3. 

3. Let ip be a formula scheme in a prenex form. Let be the characteristic tree of ip. The ordinal 
ord{KB{T^)) will be called the characteristic ordinal of -0 ; it will be denoted by ord^ip). 

The key property of a satisfaction system is expressed in the next Lemma. 

Lemma 26 Let ip G Fle^ be in a prenex form. Let a* ~ {B\ . . . B\, g\ . . . gf) , i £ uj be a sequence of 
satisfaction systems of such that ao ^ ai ~< a2 . . ■■ Then B := (Uiet^ ■ ■ ■ Uiew ^1) satisfies ip and 
9i ■= Uieuj dh i — ■ ■ - t, are the Skolem functions for ip[ ^B] . 

Proof . Evident QED 

Proposition 27 Let Ai be a structure. Let ip be a formula scheme in a prenex form in Ad, the charac- 
teristic tree of ip. Let A be the system defined by ip. Then 

1. T is a Ai- definable tree in A4. 

2. % iff T contains an infinite branch. 

3. There is B G A definable in AA iff t contains a definable infinite branch in Ad . 

4. KB{t^) is /S.I- definable in Ad. If A ^ % and wo{KB[t^)) is definable in Ad then some A d A is 
definable in At . 

Proof . 1) foUows from the definition of and Proposition [5l 
2) and 3) follow from Lemmata and 
4) follows from Proposition [Ml 1) and 3). QED 

Lemma 28 Let Ai be a structure, ijj a formula scheme in Ai in a prenex form. Let ijj be a formula scheme 
in Ad which defines a non-empty system A. Let p be an arbitrary representation of ordinal a, ord{A) < Oi. 
Let c be a coding for the structure Ad compatible with p. Then there is B G A definable m A + ^Trj^ ^.p- 

Proof. Let r be the characteristic tree of ip. By Theorem Wf\ 4) it is sufficient to show that wo{KBr) is 
definable in A + ^Trj^^^p 

Since KB^ is not a well-ordering, then wo{KBr) / uj. Let us chose a ^ wo{KBr). 

Let / be a function / : Dom{p) Dom{KBr) such that 

1. if there is z a i4r_B7.-minimum of Rnglr), let f{pa) '.— z else /(po) '■— 1 

2. Let y G Rng{T) \ {po}. If there exists z which is iiri3T--minimum of Rng{K Br) \ Rng{f[{x; x -<p y}), 
then f{y) :— z. Otherwise f{y) = a. 

Since KBt is definable in A^, it is trivial to find B and F definable in A4 such that 

f = REK2{B,F,p) 

We can apply Proposition [TSl to obtain that / is definable in A + ^TrM,c,p- But wo{KBr) — Rng{f ) \ {a} 
and hence wo{KBr) is definable in A + ^TrM,c,p- QED 

^Here [a] is the Godel number of the finite set a see page|4] 
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Lemma 29 Let M be a structure. Let R be a linear ordering definable in R. Then 

ord{R) < Ord{M) 

If in addition R is Ai in Ai then ord{R) < ^, the first ordinal not IS.1- definable in A4. 

Proof. Let i? be a linear ordering definable in A4. For n e wo{R), _R„ is a representation of an ordinal 
a„ < ord(i?0 Clearly ord{R) — sup{ai,i e uj}. If R is (Ai-) definable in Ai then i?„ is (Ai-) definable 
in M for every n £ wo{R). Hence ord{R) < Ord{M) (resp. ord{R) < ^). QED 

Proposition 30 Let Ai be a structure. Let a be a countable ordinal. Then the following conditions are 
equivalent 

1. a is implicitly definable in Ai. 

2. a is definable in Ai . 

3. a is IS.1- definable in Ai. 

Proof . The implications 3)=^' 2) ^ 1) are trivial. 

3). Assume the contrary. Without the loss of generality we can assume that Ai is finite. Let p 
be an implicitly definable representation of a such that a is not Ai-definable. We can assume that p is 
compatible with a coding c for Ai. We will show that T{A4) C P(A +^ TrM,c.p)- Let -0 be a formula 
scheme in AA which defines a non-empty system A. By the Lemma [53] every (3 < ord{ip) is Ai-definable 
in Ai. It follows that a > ord{ip). By Lemma [55] there is some A G A definable in A + ^TrM,c,p- Hence 
T{Ai) ^ T){A -|-^ TrM,c,p)- We assumed that Ai is finite and p is implictly definable in M. and hence also 
TrM,c,p is implicitly definable in Ai; therefore T{A4) ~ A +^ TrM,c,p- But that contradicts Corollary 2 of 
Proposition [13] QED 

The statement of the proposition may be strengthened to say that every definable system of ordinals 
contains a definable element or even that every definable system of ordinals has a definable supremum (see 
[2], Chapter IV), but those modifications will not be needed here. 

Proposition 31 Let Ai be a structure. Let ip a formula scheme in Ai. Then 

1. ord{il>) < Ord{A4) 

2. If if) is a proper implicit definition of some B then ord^ip) < Ord{A4). 

Proof . 1) Let r be the characteristic tree of V' in i which defines V'- Then KBr is definable in M 
(Proposition [M]) and ord{KBr) < Ord{M) by Lemma [551 

2) without the loss of generality we can assume that AA. is finite and that B C_ uj. It is sufficient to 
prove that wo{KBt) is implicitly definable in Ai. Since KBt- is definable in Ai, KBr\wo{KBr) is then an 
implicitly definable representation of ord{il}) in AA and therefore, by Proposition I30[ ord{il}) is definable in 
AA. Let T be a truth predicate for Ai + ^B. Since T is implicitly definable in + ^B and B is implicitly 
definable in A^, T is implicitly definable in Ai and it is sufficient to prove that wo{KBr) is definable in 

M+ ^B+ It. 

Clearly, the two conditions are equivalent: 

1. X e wo{KBr) 

2. there is no y G Rng^r) such that KB^iy, x) and y lies on an infinite branch of r. 

On the other hand, by Lemma I25[ 2) the condition 'y lies on an infinite branch of r' is equivalent to the 
condition 'y lies on an infinite branch of r definable in AA -\- ^B\ But the later statement can be expressed 
using the truth predicate T, and hence the condition 2) can be expressed in + ^B + ^T. Therefore 
wo{KBr) is definable in AI + ^B+ ^T. QED 

'^''For the definition of i?„ see page llOl 
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Lemma 32 Let be a structure. Let T be a set of binary predicates such that i) every X is of the form 
"^Trj^f^cp, where p is a well-ordering definable in J\f compatible with coding c and ii) for every a < Ord{A4) 
there exists p a representation of (3 > a definable in N and a coding c for Af such that '^Trj\f^c,p G T^- Then 

Proof. I(A/') C 'V{A + T) follows from Lemma [28] and Proposition [3TJ By Proposition [T5l we have also 
T C X{Af) QED 

Proof of Theorem 1211 Theorem is now a direct consequence of the previous Lemma and the corollary 
of Theorem!^ QED 

In order to prove Theorem[521 we shall find a linear ordering R definable in M such that ord{R) = Ord(J\f) . 
This will be achieved by means of a formula scheme in M such that ord{tp) — Ord{M). It must be noted that 
ordiTp) < Ord(J\f) but the condition ord{tp) < Ord(Af) in general holds just for schemes which implicitly 
define a set. In J\f there may exist systems defined by a scheme ip such that the characteristic ordinal of ^ 
is not definable in Af. 

Observe that for a formula ^ defining a nonempty system A if ord{tp) < Ord(A4) then, by Lemma 1281 
there is some A Q A implicitly definable in Ai. Hence, if for every formula scheme in AA, ord{4>) < Ord{AA) 
then every non-empty system definable contains an implicitly definable set in AA . This is the essence of the 
folowing definition. 

Definition 22 Let AA. be a structure. Then AA is implicitly complete iff every non-empty system definable 
in AA contains an implicitly definable set in AA. 

Lemma 33 Let AA be a structure. Lf for every R a linear ordering definable in AA, ord{R) < Ord{AA) then 
AA is implicitly complete. 

Proof . We can assume that AA is finite. Let ^ he a, scheme in in a prenex form which defines a 
non-empty system A. Let t be the characteristic tree. KBr is definable in A4 and by the assumption there 
is ord{KBr) < Ord{AA). We can find a definable representation p in of an ordinal /?, ord{KBr) < (3 < 
Ord{AA). We can assume that p is compatible with a coding c for Ai. The set TrM,c,p is implicitly definable 
in AA and by Lemma [28] there is some A € A definable in A + '^TrM,c,p. QED 

In definition [TSl we introduced Tr{AA, c, i?),which is a generalisation of the concept of Trj^.c.p if R is not 
a well-ordering. Similarly to Proposition [TS] we may obtain: 

There is a system S C P(u;^'^'^) definable in A such that for every structure AA and a coding c for AA and 
a linear ordering R, {Dm,c, R,U) E S iff U E Tr{A4, c, R) 

Lemma 34 Let Af be a L -finite structure, c a coding for A/. Let R be a linear ordering compatible with c 
such that Ord(Af) < ord{R). Let U G Tr{Af, c,R). If x E Rng{R) \ wo{R) then there is a universal predicate 
forI{N) definable in A + ^U{x,.). Hence I{Af) C V{A + ^U{x, .)) C V{A + ^U). 

Proof. For n G let Un Q N"^ be a relation such that Un{a,b) iff U{a,b) and R{a,n), let i?„ be defined 
as on page [To] For n G wo{R) we have Un = Trj\f^c,R„- Since Ord{N) < ord{R) then for every ordinal a 
definable in TV there is some n G wo{R) such that i?„ is a representation for a. Therefore, using Lemma [32] 
every set implicitly definable in TV is definable in TV-|- { "^Unl n G wo{Af)} ^ A/ + { ^U{n, .); n G wo{Af)} (see 
Lemma [T6|. The set U{x, .) is defined to be a truth predicate for the structure AA A + { ^U{y, .); y ~<b. x)}. 
A proper universal predicate P for AA is therefore definable in A-|- ^U{x, .). But T{J) C V{Af+{ '^U{n, .); n G 
wo(TV)}) C AA and hence P is a universal predicate for XiAf). QED 

Proposition 35 Let Af be a L-finite structure. Then Af is not implicitly complete. 

Proof . Let Af he & i-finite structure and c a coding for Af . In TV we can find a formula scheme in 
i) G PZeP'^'^(TV) such that for every R, U,X,Y E P{uj^'^^^'^), R, U, X, Y satisfies ^ iff 
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1. i? is a linear ordering compatible with c and R has the first member On, 

2. U eT^{D^f^„R), 

3. for every rt S if n is a c-Godel number of a formula in Af defining a linear ordering Q then either 
a) X{n, .) C Dom{Q) is a set without the Q-first member or b) Y{n, ., .) is an isomorphism between Q 
and a lower segment of R. 

Observe that the condition 3) uses just quantifications over sets definable in J\f and hence it can be formulated 
using the fact that R has the smallest member and U{Ro, ■) = TrM,c- 

If R, U, X, Y satisfy tp then Ord{M) < ord{R) because for every well-ordering Q definable in M the 
condition a) is not satisfied and therefore Q must be isomorphic to a lower segment of R. Moreover, for 
every R which is a representation of an ordinal a > Ord{M) compatible with c there are some [/, X, Y such 
that i?, X, Y, U satisfies V'- Hence the system defined by is non-empty. 

Let us assume that N is implicitly complete. Then there are some i?, X, Y, U satisfying ip which are 
implicitly definable in TV. By Lemma [34l we have X(A/') C 'D{A+ ^C/). Since we assumed that U is implicitly 
definable this implies that the structure T{Af) is essentially finite. But this contradicts the Corollary 2 of 
Proposition [I3l QED 

Corollary Let J\f he finite. Then there is a linear ordering R definable in Af such that ord{R) = Ord{J\f). 
Hence ord{R) is not definable and wo{R) is not implicitly definable in M.. 
Proof. Follows from the previous Theorem and Lemma [33l QED. 

Lemma 36 Let Af be a L- finite structure and c a coding for Af . Then there is a linear ordering R definable 
in Af and some U ^ lo^ with the following properties: 

L ord{R) = Ord{M), 

2. R is compatible with c and U £ Tr(AA,c, R), 

3. there is no X <Z Rng{R) such that X does not have the R- first member and X is definable in Af + . 

Proof . Assume the contrary. Let i? be a definable linear ordering in Af such that ord{R) = Ord{Af). Let 
c be a coding for Af. We can assume that R is compatible with c. Let tp G Fle^'^''^{Af) be a formula scheme 
such that T, V, U satisfy -0 iff 

1. V C Rng{R) is a lower segment in R such that Rng{R) \ 1^ is non-empty and does not have a i?-first 
member. 

2. U cT?{Af,c,R\V). 

3. Let c' be the coding for the structure Af + such that c C c' and c'( ^[/) — min{uj \ Rng{cj). Then 
T = Tr^+ 2jj^^,. 

4. There is no non-empty X C Rng{R) definable mAf+ "^U such that X does not have a i?-first element. 

Observe that the last condition can be formulated using the truth predicate T . 

Let us show that under the given assumption the formula -0 is a proper implicit definition of some T, V, U 
such that V = wo{R). 

Assume first that V — wo{R). Then there is unique U which satisfies 2) because R\V \s a. well-ordering. 
Then there is unique T such that 3) is satisfied. The condition 4) is satisfied because R\V \s a. well-ordering. 

Assume that V C wo{R), V ^ wo{R). Then clearly 1) is not satisfied. 

Assume that wo{R) ^ V, V wo{R). Then 2) or 4) is not satisfied by the assumption. 

Hence ip is an implicit definition of some T, wo{R), U. But that is impossible. For then R[wo{R) is implic- 
itly definable representation of Ord(Af) and hence Ord{Af) is implicitly definable, contrary to PropositionlSOl 
QED 

'^^I.e., for every x £ Dom(Q) there is a unique y G Dom{R) such that X{n,x,y) and i) if Oq is the Q-first member of 
Dom{Q) then Y{n, Oq, Oji) and ii) for every x g Dom{Q) Y{n, x, y) iff y is the _R-first member of Rng{R) \ {z; there exists z' g 
Dom(Q), Y{n, z' , z) and z' x}. 
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Proof of Theorem 1221 Assume that X(A/') has a canonic universal predicate Gq. Let us first prove the 
following: 

Let R be a linear ordering definable in Af and let U G Tr{Af, c, R) for a compatible coding c for J\f. Assume 
that U is definable in J\f + ^Gq. Then ord{R) < Ord{M) 

Let R,U be as assumed and ord{R) = Ord{N). Let m,n £ Rng{R) \ 'wo{R), to n. (The existence is 
granted since wo{R) is not definable in TV and hence Rng{R) \ wo{R) must be infinite). Let Um ■= U(rn, .) 
and Un ■= U{n, .). By LemmalMla universal predicate for T{Af) is definable in Af + "^Um- Therefore also Go 
is definable in 7V+ "^Um because Gq is canonic. But since U is definable in 7V+ ^Gq then Un is definable in 
TV + ^Gq and hence also in A/" + ^Um- But from the definition of [/ e Tr{A4, c, R), Un is a truth predicate 
for a structure containing TV + '^Um- But that is impossible. 

Let us now complete the proof. Let us take R, U as in the previous Lemma. By Lemma [34] there is a 
universal predicate for T{M) definable in TV + '^U. By the assumption, Go is definable in TV + ^U. 

In TV + ^Go we can find a formula rj with one free variable such that: 
for every n E lu n satisfies rj iff there exists m G w such that ni is a Go-code of some Un such that 

[/„ eiv(A/',c,i?„) 

If n G wo{R) then i?„ is a well-ordering definable in J\f. Hence Trj\j-^c,R„ is implicitly definable in TV and it 
has a Go-code since Go is a universal predicate for I(TV). Hence n satisfies 77. If on the other hand n ^ wo{R) 
then n does not satisfy 77 by the proposition. This impfies that wo{R) is definable in TV+ ^Go and therefore 
also in TV -|- '^U. But this contradicts the condition 4) of the Lemma [36l since Rng{R) \ ■wo{R) does not 
have a i?-first member. QED 

Recall the relation between Tarski and proper Tarski hierarchy as stated in Corollary 2 of Theorem [20l 
Hence, in order to prove Theorem[2l it is sufficient to show that the structure Mord(Af) ~ -^ordiAf) -^(-^) 
does have a canonic proper universal predicate. 

Theorem 37 Let Af be a L-finite structure. Let {A^q}q<ap(a^) be a proper Tarski hierarchy over Af . Then 
Ord{Af) < AP(TV). 

Proof . Let us show that the structure A4^^^^^^ does have a canonic proper universal predicate. By 
Proposition [35I and Lemma [33] there is a linear ordering R definable in TV such that ord{R) — Ord{Af). Let 
p = R\wo(R). Lu \ wo(R) is infinite and we can chose a coding c for TV compatible with p. Furthermore, for 
every 7 < Ord{Af) ^[7 is a definable representation of 7 in Af. Hence, from Theorem I20[ 

-^o,..,^, -^f+{Tr^f^,^pip^,.)■,J < Ord[Af)} 

Let AA ^ordiM) denote the structure on the right hand side of the equivalence, and 2^^,^^^^^ be the induced 
coding on AA^ord(^^)■ As in the proof of Theorem [20l it is sufficient to prove that TrM.^o-rd{M)-Ca ^(M) 
definable in A -I- P, for any proper universal predicate P for AA^Ord{M)- 

Let P be a proper universal predicate for AA^Ord(j)- From Lemma Il9l it is sufficient to prove that p is 
definable in A -f P. In TV + P we can find a formula 77 with one free variable such that: 
for every n £ lo n satisfies rj iff there exists m £ u such that m is a P-code of some Un such that Un £ 
T^iAf, c, Rn) 

li n £ wo{R) then P„ is a well-ordering definable in Af. Hence Tr_\f^c,R„ is implicitly definable in TV and it 
has a P-code since P is a universal predicate for T{Af). Hence n satisfies rj. If on the other hand n ^ wo{R) 
then there is no Un implicitly definable in TV such that [/„ £ Tr{Af, c, Rn) (for otherwise T{A4) A -I- ^C/„ 
and T{Ai) is essentially finite). Hence n does not satisfy rj because P is a proper universal predicate for 
J(TW). Therefore wo{R) is definable in A + P. QED 

Corollary There is a structure which has a canonic proper universal predicate but does not have a canonic 
universal predicate. Namely, if Af is a L-finite structure then T{Af) has a canonic universal but not a proper 
canonic universal predicate. 
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